Considering a periodically oscillating harmonic potential, we explored the dynamic properties of bright solitons in a Bose-Einstein condensate by using Darboux transformation. It is found that the soliton movement exhibits a nonperiodic oscillation under a slow oscillating potential, while it is hardly affected under a fast oscillating potential. Furthermore, the head-on and/or 'chase' collisions of two solitons have been obtained, which could be controlled by the oscillation frequency of the potential.
Introduction
Bose-Einstein condensates (BECs) in weakly interacting alkali atomic gases have been proved to be an ideal laboratory system for investigating fundamental nonlinear phenomena, such as bright solitons [1 -3] , dark solitons [4 -8] , and vortices [9] . Especially, the bright solitons in BECs open possibilities for future applications in coherent atomic optics, atom interferometry, and atom transport [2] . Recently, soliton oscillations have been obtained experimentally [10 -13] , which boost an immense theoretical interest in the nonlinear matter waves.
Theoretically, it was shown that external potentials have an important effect on oscillating properties of solitons in one-dimensional BECs [14 -20] . For example, when a bright soliton is loaded into an attractive harmonic potential, it executes harmonic oscillations with the oscillating frequency depending on the trapping frequency [15, 19] . For an optical potential, when the energy of the bright soliton is lower than the height of the potential, it can exhibit an os-cillating behaviour around the bottom of the potential notch with an oscillating frequency depending on both the lattice spacing and the height of the potential [19] . Similar results have also been obtained when the bright solitons are loaded into a tanh-shaped potential [19] . Usually, the periodic oscillation of bright solitons can be expected under a spatially nonuniform potential trap [15, 19] . In fact, a periodically oscillating external potential is easily achieved in BEC experiments [21, 22] . In this case, how about the dynamic behaviours of bright solitons? To our knowledge, this is an open subject.
In this paper, we explore the oscillating properties of bright solitons in BECs with a periodically oscillating harmonic potential. A nonperiodic oscillating behaviour of bright soliton is obtained under a slow oscillating potential, different from that under a time-independent harmonic potential. Also, the headon and/or 'chase' collisions of two solitons have been observed, which could be controlled by the oscillating frequency of a harmonic potential. The results could be useful for future applications of BECs in accurate atomic clocks and other devices.
Model and Soliton Solutions
A periodically oscillating harmonic potential can be given by [23 -25] . Here m is the atomic mass; ω ⊥ and ω 1 are the radial and transverse trapping frequencies, respectively; k and ω p are the oscillating amplitude and oscillating frequency of the external potential, respectively. If ω ⊥ |ω 1 |, it is reasonable to reduce the Gross-Pitaevskii (GP) equation into a onedimensional nonlinear Schrödinger equation with an oscillating harmonic potential,
where g = −2Na s /a ⊥ , and the time t and the coordinate x are measured, respectively, in units of 2/ω ⊥ and a ⊥ , with a ⊥ = h/mω ⊥ . Here, the oscillating frequency of the external potential ω = 2ω p /ω ⊥ ; N is the atom number and a s the s-wave scattering length (SL) [26 -28] . The tuning of SL can be achieved by Feshbach resonance [29, 30] . We consider the timedependent SL and choose g(t) = c exp(γ t) (where c is a constant and γ 2 = −4ω 2 1 /ω 2 ⊥ with γ a real constant number) [31, 32] .
To obtain the exact solutions of (1), we make use of the Darboux transformation [33 -35] . The seed solution of (1) can be chosen as
Subsequently, the Lax pair of (1) is presented as
where Φ = (φ 1 , φ 2 ) T ; the superscript 'T' denotes the
By performing the Darboux transformation [33 -35] 
we can obtain a single soliton solution of (1)
Then, by repeating the Darboux transformation N times, we can obtain the Nth-order solution
. . , n − 1, and n = 2, 3, . . . , N. For N = 2, one can obtain the two-soliton solution of (1)
where
. From (4) and (6), we can explore in detail the dynamic behaviour of bright solitons.
Results and Discussion
As a typical example, we consider a BEC consisting of 7 Li. Based on the current experimental conditions, the radial and transverse trapping frequencies are chosen as ω ⊥ = π × 100 Hz and ω 1 = 5πi Hz, respectively [2] . So, the time and space units correspond to 6.4 ms and 5.4 µm in reality, respectively.
Oscillating Properties of a Single Bright Soliton
For exploring the oscillating properties of a single soliton in a 7 Li BEC with a periodically oscillating harmonic potential, we here propose that ω = 10 and ω = 0.2 represent the fast and slow oscillation of the harmonic potential, respectively. Figure 1 shows the space-time distribution of the density of a BEC under an oscillating harmonic potential.
For a fast oscillating potential, one can see from Figure 1a that a bright soliton appears at the initial time. With the time going on, the amplitude of the bright soliton increases but its width decreases. Meanwhile, the bright soliton propagates along the positive direction of the x-axis. This phenomenon is similar to that for k = 0 in [14] . This suggests that the propagation properties of bright solitons are hardly dependent on the fast oscillating potential.
For a slow oscillating potential, the dynamical properties of the single soliton are shown in Figure 1b . One can see that the bright soliton moves along the positive direction of the x-axis when the time increases from 0 to 11, which is similar to that of Figure 1a . With time increasing from 11 to 23, interestingly, it is observed that the bright soliton moves along the negative direction of the x-axis, while it can not comeback to the initial position. When the time further increases, the bright soliton again moves along the positive direction of the x-axis. Obviously, the bright soliton exhibits a nonperiodic oscillation, different from the periodic oscillation under a time-independent harmonic potential.
Especially, as depicted in Figure 1 , the nonperiodic oscillating behaviour of a bright soliton strongly depends on the oscillating frequency of the harmonic potential. Thus, by tuning the oscillation frequency and amplitude of this potential, the moving behaviours of the bright soliton can be controlled. In Figure 2 soliton as a function of time at various oscillation frequencies and/or amplitudes of the harmonic potential. One can see from Figure 2 a that with increasing oscillation frequency, the amplitude of the bright soliton oscillation decreases. This is because the frequency is above resonance, so there is little response. Furthermore, it is found that the period of the soliton oscillation decreases with increasing oscillation frequency of the potential. This is simply because the frequency of the soliton motion is equal to the frequency of the oscillating potential, which drives the soliton motion. Notice in Figure 2b that with increasing oscillation amplitude k of the harmonic potential, the oscillation am- plitude of the soliton increases. In fact, when the soliton is trapped in the harmonic potential, the soliton behaves like a classical particle which moves under the influence of the oscillating harmonic potential, and the soliton feels a force which comes from the oscillating harmonic potential. For convenience, we here define this force F as F = −∂V (x)/∂ x = 2ω 2 1 [−x + k sin(ωt)]/ω 2 ⊥ . For the case of x < 0 , such as in Figure 2b , the force is increased with increasing oscillation amplitude k. Therefore, we can effectively control the moving trajectory of solitons by tuning the oscillation amplitude of the harmonic potential.
Oscillating Properties of two Bright Solitons
We further explore in Figure 3 phenomenon is similar to that of k = 0 in [36] . Therefore, the propagation properties of two bright solitons are also hardly affected by the fast oscillating potential.
For a slow oscillating potential, the dynamic properties of two bright solitons are shown in Figure 3b . When the time t increases from 0 to 15, the two solitons both move along the positive direction of the x-axis. While the time t increases from 15 to 20, the two solitons both move along the negative direction of the x-axis. This shows that the two solitons exhibit an oscillating behaviour. Meanwhile, the distance between the two solitons becomes smaller, the two solitons ex-perience a 'chase' collision at t ≈ 20. Obviously, both the head-on and 'chase' collision in Figure 3 can be controlled by the oscillating frequency of the harmonic potential.
The validity of the GP equation relies on the condition that the system is dilute and weakly interacting: d|a s (t)| 3 1, where d is the average density of the condensate. In the real experiment with 7 Li atoms, the typical value of the atomic density is 10 13 cm −3 . In our work, we consider that the absolute of the SL is |a s (t)| max = 30.6a B with Bohr radius a B so that d|a s (t)| 3 < 10 −4 1. Therefore, the GP equation is valid for the given parameters, and thus our results can be observed under the condition of the current experiments.
Conclusion
In summary, we present a family of single-and two-soliton solutions of BECs under a periodically oscillating harmonic potential by using Darboux transformation. It is found that a single bright soliton exhibits a nonperiodic oscillation for a slow oscillating harmonic potential, while its propagation properties are hardly affected by the fast oscillating potential. And the moving trajectory of the soliton can be controlled by tuning the oscillation frequency and amplitude of the harmonic potential. Furthermore, for two bright solitons, a 'chase' collision takes place under a slow oscillating harmonic potential, while there occurs a head-on collision under a fast oscillating harmonic potential. The collisional behaviour can be controlled by the oscillation frequency of the harmonic potential. The results will stimulate experiments to manipulate solitons in BECs.
